Introduction
The purpose of this paper is to begin the study of connections between arithmetic differential operators on semistable integral and formal models of flag varieties on the one hand and locally analytic distribution algebras of p-adic reductive groups on the other hand. Here we only consider the case of the group GL 2 over Z p and the corresponding flag variety is the projective line P 
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These investigations are motivated by the wish to study locally analytic representations of p-adic groups geometrically. In [1] K. Ardakov and S. Wadsley work with 'crystalline' differential operators (of level zero) on the smooth model of the flag variety of a split reductive group. This is close in spirit to the classical localization theory of BeilinsonBernstein [2] and Brylinski-Kashiwara [5] . In the paper [18] we have made a first step in merging the localization theory of Schneider-Stuhler for smooth representations [20] with that of [2] . A key ingredient is the embedding, first discovered by V. Berkovich, cf. [3] , of the building in the non-archimedean analytic space X an attached to the flag variety X (see also [19] ). The connection between the building and X an can also be seen in terms of formal models for the rigid analytic space X rig . Especially transparent is that relation for formal models of P 1 , cf. [12] . To better understand the significance of these models for representation theory, and its relation to distribution algebras, is the starting point for our work presented here.
Regarding distribution algebras, it turns out that the analytic distribution algebras as considered by M. Emerton in [8] , are well suited to be compared to arithmetic differential operators. Not surprisingly, Emerton has introduced and studied these rings having Berthelot's theory of arithmetic differential operators in mind, cf. [8, sec. 5.2] . Arithmetic differential operators on integral smooth models and their completions have been studied by C. Noot-Huyghe in [10] , [17] , [11] . In particular, she proves that these smooth formal models are D : -affine. Here we take up her work in [10] , in the special (and easy) case of P 1 and show that the ring of global sections of the arithmetic differential operators is isomorphic to the analytic distribution algebra D an pGp0q˝q of the 'wide open' rigidanalytic group Gp0q˝whose C p -valued points are Gp0q˝pC p q " 1`M 2 pm Cp q. Let X be the completion of P 1 Zp along its special fiber. Our first result is Theorem 1. (Thm. 3.2.2) There is a canonical isomorphism of (topological) Q p -algebras
Here, the subscript θ 0 indicates a central reduction. The proof of this theorem consists of two parts. Firstly, we identify the analytic distribution algebra D an pGp0q˝q with the inductive limit (over m) of completed 'restricted divided power enveloping algebras' p U pg Zp Much of what we do in this part of the proof (sec. 3) is already contained in [10] . We have chosen to redo most of the arguments here, in an entirely explicit manner, because the arguments and techniques will be used later in sections 4 and 5.
After having obtained theorem 1 we have been informed by C. Noot-Huyghe that she has proved the general case of this theorem, for an arbitrary split reductive group and the corresponding smooth formal model of the flag variety, in an unpublished manuscript.
Furthermore, we give a description of the analytic distribution algebras D an pGpnq˝q of rigid-analytic wide open congruence subgroups Gpnq˝. Their C p -valued points are given by Gpnq˝pC p q " 1`p n M 2 pm Cp q. The description of the distribution algebras is close to that in [8, sec. 5.2] , but more suited to the material treated in the second part of this paper, i.e., sections 4 and 5.
In these sections we consider certain semistable integral models X n of P 
Let X n be the formal completion of X n along its special fiber. Then there is a canonical
Xn,Q q. We do not treat here the question whether this inclusion is in fact an isomorphism. This problem is related to the question whether the schemes X n (resp. formal schemes X n ) are D-affine, a topic we plan to discuss in a future paper.
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Notation. If L is a field equipped with a non-archimedean absolute value we let o L be its valuation ring and m o L Ă o L the maximal ideal of its valuation ring. We let N " Z ě0 be the set of non-negative integers. If ν " pν 1 , . . . , ν d q is a tuple of integers, then we put |ν| " ν 1`. . .`ν d .
Distribution algebras of wide open congruence subgroups
2.1. The group schemes Gpnq. Let n ě 0 always denote a non-negative integer. Put
where ∆ " ad´bc, and the co-multiplication is the one given by the usual formulas. For n ě 1 let a n , b n , c n , and d n denote indeterminates. Define an affine group scheme Gpnq over Z p by setting
and let the co-multiplication
be given by the formulas a n Þ Ñ a n`a 1 n`p n a n a
These group schemes are connected by homomorphisms Gpnq Ñ Gpn´1q given on the level of algebras as follows:
For a flat Z p -algebra R the homomorphism Gpnq Ñ Gp0q " G induces an isomorphism of GpnqpRq with a subgroup of GpRq, namely
Of course, the preceding formulas defining the group schemes are derived formally from this description by setting a " 1`p n a n , b " p n b n , c " p n c n , and d " 1`p n d n .
2.2.
The rigid-analytic groups Gpnq rig and Gpnq˝. Let p Gpnq be the completion of Gpnq along its special fiber Gpnq Fp . This is a formal group scheme over SpfpZ p q. Its generic fiber in the sense of rigid geometry is an affinoid rigid-analytic group over Q p which we denote by Gpnq rig . We have for any completely valued field L{Q p (whose valuation extends the p-adic valuation)
Furthermore, we let p Gpnq˝be the completion of Gpnq in the closed point corresponding to the unit element in Gpnq Fp . This is a formal group scheme over SpfpZ p q (not of topologically finite type). Its generic fiber in the sense of Berthelot, cf. [6, sec. 7.1], is a so-called 'wide open' rigid-analytic group over Q p which we denote by Gpnq˝. We have for any completely valued field L{Q p (whose valuation extends the p-adic valuation)
The remainder of this section is inspired by M. Emerton's paper [8] , especially sec. 5.
2.3.
The analytic distribution algebra of Gp0q˝. Our goal in this subsection is to give a description of bijectively onto GL 2 pZ p q. Nevertheless, it is possible to also treat Gp0q˝by making use of the 'Kostant Z-form' of the enveloping algebra Upgq, cf. [15] . Set
and put
For integers m, n P N define
that is, the greatest integer less or equal to 
where γ ν P Z p and |γ ν | Ñ 0 as |ν| Ñ 8. Furthermore, we put
We consider the unique Q p -algebra homomorphism Upgq Ñ D an pGp0q˝q which sends X P g to the linear form
Here we follow the same convention as in [8, sec. 5] in that we consider the right regular action of a group on its ring of functions. 
Proof. The affine algebra of the formal group scheme p Gp0q˝is the completion of the ring For the ring of global functions of Gp0q˝we then have, algebraically and topologically,
It is easily checked that " e
We thus find that D an pGp0q˝q consists of sums
which have the property that there is R ą 1 for which |γ ν |R |ν| Ñ 0 as |ν| Ñ 8. We will describe the left hand side as a subalgebra of the right hand side. To this end, let Upp n g Zp q pmq be the Z p -submodule of Upgq generated by the elements
As before, we find that Upp n g Zp q pmq is a Z p -subalgebra of Upgq, and we let p U pp n g Zp q pmq denote its p-adic completion. and there is a canonical isomorphism of topological Q p -algebras
Proof. We proceed here as in the proof of 2.3.3. The affine algebra of the formal group scheme p Gpnq˝is Z p rra n , b n , c n , d n ss and the coordinates a n , b n , c n , d n on Gpnq˝are related to the coordinates a, b, c, d on Gp0q˝by
¿From the proof of 2.3.3 we get "
And the remainder of the proof is along the same lines as in 2.3.3.
Remark 2.4.4. For n ě 1 (n ě 2 if p " 2) the group GpnqpZ p q " 1`p n M 2 pZ p q is uniform pro-p and its integral Lie algebra in the sense of [7, sec. 9 ] is p n g Zp when considered as a Z p -submodule of g. We can thus apply [8, sec. 5.2] to get a description of D an pGpnq˝q in terms of divided power enveloping algebras. The relation between the two descriptions is as follows.
In [8] , Gpnq˝is identified with the rigid-analytic four-dimensional wide open polydisc pB˝q 4 via the 'coordinates of the second kind' 
The relation of these rings to the rings p U pp n g Zp q pmq
Qp follows immediately from the elementary Proposition 2.4.5. Suppose n ě 1 (n ě 2 if p " 2), and let T be an indeterminate. For all ν ě 0, if one writes the polynomial p nν`T ν˘a
Proof. Let z be another indeterminate and consider the formal power series
This is equal to p1`p n zq T " exppT logp1`p n zqq. Under the assumption n ě 1 (n ě 2 if p " 2), one can write logp1`p n zq " p n zf pzq with a power series f pzq P Z p rrzss. Hence
Now compare the coefficients of z ν on both sides. 
. These differential operators satisfy the relations
Denote by T X the tangent sheaf of X (over Z p ). The action above gives rise to a homomorphism of Lie algebras
which is explicitly given by
On X we consider the sheaf of differential operators D pmq X as defined in [4] , [10] . Sections are locally given as finite sums
with γ ν P Z p rxs and γ there exists a divided power version
cf. [10] . The sheaf pT bd X q pmq in degree d is, as O X -module, locally generated by
where i 1`. . .`i r " d and s 1 , . . . , s r are local sections of T X . There is an obvious monomorphism of sheaves 
Therefore,
is locally free of rank one, we can write the local sections s i in 3.1.2 as s i " f i¨s with a local generator s of T bd and local sections f i of O X . Hence we assume s i " s for i " 1, . . . , r. Moreover, for any i, j ě 0 one has that
cf. [10, sec. 1] . Applying this fact repeatedly shows that
and this proves the assertion of the lemma.
Lemma 3.1.6. Fix d ě 1. The map sending
, considered as a local generator of pT bd X q pmq , induces a canonical exact sequence of sheaves
Proof. This is [10, 1.3.7.3] . In the case considered here, it is also an immediate consequence of 3.1.4.
induced by 3.1.7 is exact.
(c) The canonical map
Proof. Remark 3.1.10. Assertion (c) of the previous proposition is as in [10, 2.3.6 (ii)], at least for large d. Though Noot-Huyghe's result would be good enough for our purposes, we have preferred to give a self-contained proof here. The proof given here proceeds along the same lines as the proof in [10] .
In the following we consider the filtration of Upg Zp q pmq whose submodule of elements of degree ď d is generated as a Z p -module by terms of the form 2.3.1 with ν 1`ν2`ν3`ν4 ď d. 
X q induced by 3.1.1 extends to a homomorphism 
Our goal is to show that H 0`X , SympT X q pmq˘i s generated as a module over gr´Upg Zp q pmqb y the elements
To this end, consider an element
We are going to use the elementary fact
Case k ď d. Writing k " p m q 1`r , we have q 1 ď q. If r ď 2s then consider the equation
Now suppose
Case d ă k (ď 2d). Write k " p m q 1`r , and suppose q 1 " 2q 2 is even. Because
ď p m q`s we must have q 2 ď q. If r ď 2s then consider the equation
Now suppose r ą 2s. Then we must have q 2 ă q, hence q´q 2´1 ě 0 and we can write
Assume now that q 1 " 2q 2`1 is odd. Because
we must have q 2 ď q. If p m`r ď 2s we consider
Finally, if p m`r ą 2s we must have q 2 ă q. In this case we consider 
where the left hand side is the p-adic completion of
Proof. This is contained in [10, Prop. : p U`g Zp˘p
which is injective and whose cokernel is annihilated by p N pmq where Npmq is as in 3.1.14. Therefore, p ξ pmq 0
induces an isomorphism
(b) The isomorphisms in (a) give rise to a canonical isomorphism
Proof. (a) We consider the exact sequence induced by ξ
Because the projective limit functor is left-exact, and as
X¯i s separated for the p-adic topology, we deduce that the homomorphism p ξ pmq 0 between the completions is injective as well. The assertion about the cokernel is an immediate consequence of 3.1.14. Hence the isomorphism after extending scalars to Q.
(b) This assertion follows from (a) and the fact that cohomology commutes with direct limits.
As already indicated in the introduction, after having obtained this result we have been informed by C. Noot-Huyghe that she has proved the general case of this theorem, for an arbitrary split reductive group and the corresponding flag variety, in an unpublished manuscript. The isomorphism in (a) for an arbitrary split semisimple group and the corresponding flag variety has appeared, in the case m " 0 and with some restrictions on the prime number p, in [1] . 4 . The semistable models X n and their completions X n 4.1. The construction via blowing-up. 4.1.1. In the following, all closed subsets of a scheme are considered as closed subschemes with their reduced induced subscheme structure. Put X 0 " X " P 1 Zp . Blowing up X 0 in the F p -rational points of its special fiber X 0,Fp produces a scheme X 1 . The irreducible components of the special fiber of X 1 are all projective lines over F p , and there are p`2 of them: on the one hand we have the strict transform of X 0,Fp , which we can and will identify with X 0,Fp , and then there is for any F p -rational point P of X 0 the corresponding component E P » P 1 Fp of the exceptional divisor. No two components E P intersect each other, but any one of these intersects X 0,Fp in a unique point which corresponds to the point P that has been blown up. We call the components E P the 'end components' or 'ends' of the special fiber of X 1 .
Then blow up X 1 in the smooth F p -rational points of its special fiber. There are p such points on each component E P . Call the resulting scheme X 2 . The special fiber of X 2 consists of the strict transform of the special fiber of X 1 , which we identify with X 1,Fp , and, for each of the components E P of X 1,Fp there are p irreducible components E P,P 1 of the exceptional divisor, and E P.P 1 intersects E P in the point P 1 that has been blown up. Again, we call the irreducible components E P,P 1 the 'end components' or 'ends' of the special fiber of X 2 .
Inductively one defines X n by blowing up X n´1 in the smooth F p -rational points of the special fiber of X n´1 . The irreducible components of the exceptional divisor are called the 'end components' or 'ends' of the special fiber of X n . It is easy to see that the intersection graph of the special fiber of X n is a tree. There are p`1 edges meeting at every vertex, except for the vertices which correspond to the end components: these are only connected to the rest of the tree by a single edge.
Remark 4.1.2.
2 Because the group GpZ p q " GL 2 pZ p q acts on X 0 and preserves the closed subscheme X 0 pF p q, the group GpZ p q acts also on X 1 . It is easy to see that GpZ p q preserves the subscheme of X 1 which gives rise to X 2 . Inductively we find that GpZ p q acts on X n for all n. Furthermore, one can show that the group scheme Gpnq acts on the scheme X n .
4.2.
An open affine covering of X n . Here we describe an open affine covering of the scheme X n , and a coherent system of local coordinates 3 . This will be used later in sec. 5.1.
4.2.1.
Outline. We will first describe the general shape of this covering and the procedure by which it is obtained. Let R Ă Z p be any system of representatives for Z p {pZ p and put R 8 " R Y t8u. Let n ě 1. Inductively we will define an open subset Xn´1 Ă X n´1 and open affine 'residual disc schemes' D pn´1q a for any tuple a " pa 0 , a 1 , . . . , a n´1 q P R 8ˆR n´1 . Each scheme D pn´1q a has a unique F p -rational point and X n is obtained from X n´1 by blowing up all these points. The open subset Xn´1 Ă X n´1 is not affine (except if n´1 " 0) but it is equipped with an open affine covering. Moreover, the special fiber of Xn´1 does not contain any smooth F p -rational point of the special fiber of X n´1 . The blow-up morphism pr n,n´1 : X n Ñ X n´1 is thus an isomorphism over Xn´1, and the preimage pr´1 n,n´1 pXn´1q Ă X n is then equipped with the open affine covering of Xn´1. In the following we identify pr´1 n,n´1 pXn´1q with Xn´1.
Next we define for any such a open affine subschemes X pnq a and, for all a n P R, 'residual disc schemes' D 
4.2.2.
When n " 0. We start with the affine covering X 0 " U x Y U y of X 0 , cf. 3, where U x " SpecpZ p rxsq and U y " SpecpZ p rysq and these open subschemes are glued together according to the relation xy " 1. For a P R put x p0q a " x´a, and consider this as a local coordinate at x " a, and set x p0q 8 " y "
and view this as a subring of the rational function field Q p pxq. It is immediate that for all a P R 8 the ring
as a subring of Q p pxq, is independent of a. Set X0 " SpecpR p0q q. The special fiber of X0 is P Set also x p1q a 0 ,a 1 " x p1q a 0´a1 for a 1 P R. Then define
and put X p1q a 0 " SpecpR
and define
The special fiber of each D p1q a 0 ,a 1 is isomorphic to an affine line over F p all of whose F prational points have been removed, except one. Again, in order to obtain a coherent system of coordinates, we fix the coordinate function x
and this ring is thus independent of a 1 . For any two distinct a 1 , a
and the special fiber of this scheme is isomorphic (via the coordinate x p1q a 0 , say) to P 1 Fp zP 1 pF p q. Furthermore, for any two distinct a 0 , a
Let X1 be the union of the schemes X p1q a 0 , a 0 P R 8 , and X0. 4.2.4. From n´1 to n. Firstly, we use the preimages of the affine covering of Xn´1 under the blow-up map X n Ñ X n´1 . Then we consider a 'residue disc scheme' where a " pa 0 , a 1 , . . . , a n´1 q. It is equipped with a coordinate function x pn´1q a and has a unique F p -rational point which corresponds to the ideal pp, x pn´1q a q Ă R pn´1q a . X n is obtained from X n´1 by blowing up these F p -rational points, for all a P R 8ˆR n´1 .
To describe the blow-up process, we introduce indeterminates z For a n P R set x pnq a,an " x pnq a´an and define
For a n P R define Again, in order to obtain a coherent system of coordinates, we fix the coordinate function x pnq a,an on D pnq a,an . For any a n P R one has
and this ring is thus independent of a n . For any two distinct a n , a
and the special fiber of this scheme is isomorphic to (via the coordinate x pnq a , say) to P a,an , pa, a n q " pa 0 , . . . , a n´1 , a n q P R 8ˆR n . Writing out the open affine covering of Xn explicitly gives:
4.2.7.
Going through the successive definitions of the local coordinates x p0q a 0 , x p1q a 0 ,a 1 , . . . , x pnq a , a " pa 0 , . . . , a n q, one finds the relations, for a 0 ‰ 8,
where we have used x pn´1q pa 0 ,a 1 ,...,a n´1 q z pnq pa 0 ,a 1 ,...,a n´1 q " p.
Similarly we have for a " p8, a 1 , . . . , a n´1 , a n q and y the relations (4.2.9)
The formal schemes X n . 4.3.1. We denote by X n the completion of X n along its special fiber. One can also obtain X n directly from X by the same procedure as in 4.1. Assuming we have constructed X n´1 , we define X n by blowing up (in the sense of formal geometry) the smooth F p -rational points of the special fiber of X n´1 .
Furthermore, the open affine covering described in 4.2 gives rise upon completion to a covering of X n by open affine subschemes. The explicit description of the formal completion p X pnq a of X pnq a , a P R 8ˆR n´1 is in fact simpler than the corresponding description for X 
Logarithmic differential operators on X n
We refer to [16] for a systematic discussion of sheaves of logarithmic differential operators.
For n ě 1 we equip X n with the log structure defined by its normal crossings divisor tp " 0u. However, here we will not use the theory as developed in [16] , but rather work with a more elementary approach.
5.1.
The logarithmic tangent sheaf on X n .
5.1.1.
For the purposes of this paper we consider the sheaf D Xn,log of logarithmic differential operators on X n as being generated as a subsheaf of End Zp pO Xn , O Xn q by the logarithmic tangent sheaf T Xn,log . (This is as in [14, 1.3] .) The restriction of T Xn,log to an open affine subset X pνq a , a P R 8ˆR ν´1 , cf. 4.2.6, is generated by a differential operator D (over Z p ) with the properties Denote by pr n : X n ÝÑ X 0 " X the canonical projection. Write, as in sec. 3, X 0 " X " U x Y U y , where U x " SpecpZ p rxsq, U y " SpecpZ p rysq, with x and y satisfying the relation xy " 1. Let I n,d Ă O X be the ideal sheaf which is on U x associated to the ideal č
and on U y associated to the ideal č
In the following proposition, if n " 0, we put T X 0 ,log " T X . This proves the assertion.
(b) The morphism pr n : X n Ñ X 0 is a birational projective morphism of noetherian integral schemes, and X 0 is normal. The assertion then follows exactly as in the proof of Zariski's Main Theorem as given in [9, ch. III, Cor. 11.4].
(c) 1. The inclusion ppr n q˚pT bd Xn,log q Ă I n,d T bd X . Put X 1 n " X n´p r´1 n pXpF p qq. This scheme is smooth over Z p . The restriction of pr n induces an isomorphism
and the restriction of T Xn,log to X 1 n is the relative tangent sheaf of X 1 n over Z p whose direct image under pr n is the relative tangent sheaf of X 1 over Z p . Therefore, in order to understand ppr n q˚pT bd Xn,log q we need to investigate the stalks of this sheaf at the points in XpF p q. We consider the point P 0 in U x " SpecpZ p rxsq Ă X corresponding to the ideal px´a 0 , pq. Our aim is to understand the stalk of ppr n q˚pT bd Xn,log q at P 0 . By (a) we can consider the stalk of ppr n q˚pT bd Xn,log q at P 0 as a O X,P 0 -submodule of the stalk of T bd X at P 0 . We consider thus an element
f pxq P O X,P 0 " Z p rx´a 0 s px´a 0 ,pq , and want to find necessary and sufficient conditions for this element to be in the stalk of ppr n q˚pT bd Xn,log q at P 0 . To this end, consider an open subset of X n of the form
for a sequence a " pa 0 , . . . , a n q P R 
Proof. The sheaf T bd Xn,log is a line bundle and the same reasoning as in the proof of 3.1.4 applies, i.e., pT bd Xn,log q pmq "
Xn,log . This equality is to be understood as in 3. 
as submodules of H 0`X , pT bd X q pmq˘, where c " rd
s is the smallest integer greater or equal to d .
Denote by H 0 pX n , D U . The assertion now follows from the following inequalities:
Remark 5.2.3. We recall that X n denotes the completion of X n along its special fiber, and we let D The same reasoning as in [10, Prop. 3.2] shows that this map is an isomorphism, if
Xn q is annihilated by some fixed power of p. This question in turn is closely connected to the question whether X n is D : Xn,Q -affine, a problem we plan to discuss in a future paper.
